We construct the twistor space associated with an HKT manifold, that is, a hyper-Kähler manifold with torsion, a type of geometry that arises as the target space geometry in two-dimensional sigma models with (4,0) supersymmetry. We show that this twistor space has a natural complex structure and is a holomorphic fibre bundle over the complex projective line with fibre the associated HKT manifold. We also show how the metric and torsion of the HKT manifold can be determined from data on the twistor space by a reconstruction theorem. We give a geometric description of the sigma model (4,0) superfields as holomorphic maps (suitably understood) from a twistorial extension of (4,0) superspace (harmonic superspace) into the twistor space of the sigma model target manifold and write an action for the sigma model in terms of these (4,0) superfields. A complex manifold M, with metric g, complex structure I and a three form H, has a KT structure provided that these tensors obey the following conditions:
Two-dimensional (p,0)-supersymmetric sigma models with Wess-Zumino term (torsion) are used to describe the propagation of superstrings in curved backgrounds and arise naturally in the context of heterotic string compactifications (for a recent review see [1] ). These models have as couplings the metric, g, of the target space, M, and a locally defined two form, b, on M. Extended supersymmetry (p ≥ 2) imposes restrictions on the couplings g and b of the sigma model which have an interpretation as conditions on the geometry of the sigma model manifold.
In the absence of torsion, the geometry of the sigma model manifolds is Kähler or hyper-Kähler depending on the number of supersymmetries that leave the sigma model action invariant. In the presence of torsion, the geometry of the sigma model manifolds is not Kähler or hyper-Kähler and new geometry arises [2, 3] . These new geometries, which we shall call Kähler with torsion (KT) and hyper-Kähler with torsion (HKT), are, however, closely related to Kähler and hyper-Káhler geometries respectively. In this letter, we show that both KT and HKT geometries can be characterised in terms of the properties of two-forms just as Kähler and hyperKähler geometries are characterised in terms of properties of the Kähler forms. We construct twistor spaces associated with HKT spaces and state a reconstruction theorem, thus generalising the twistor construction and the reconstruction theorem of ref. [4, 5] for hyper-Kähler manifolds. Finally we use the above results to give a geometric interpretation of the (4,0) superfields introduced in [3] as holomorphic bundle maps from (4,0) harmonic superspace [6] into the twistor space of the sigma model target manifold and we exploit the complex structure of the twistor space to construct a (4,0) action in terms of these superfields.
A complex manifold M, with metric g, complex structure I and a three form H, has a KT structure provided that these tensors obey the following conditions:
where the connections, Γ (±) , of the covariant derivatives, ∇ (±) , are given by
Γ is the Levi-Civita connection of the metric g and
is a three-form on the manifold M. If no further conditions are imposed on H, we say that the manifold M with tensors g, I and H that satisfy (1) has a weak KT structure. However, if in addition we take H to be a closed three form (dH = 0), we say that M has a strong KT structure, in which case we can write
for some locally defined two-form b on M. ⋆ Finally, if H is the zero three-form, the manifold M becomes Kähler. The target space, M, of a (2,0)-supersymmetric sigma model with torsion is a manifold with a strong KT structure. The couplings of the classical action of the theory are the metric, g, of M together with the two-form b. However, in the quantum theory and in particular in the context of the anomaly cancellation mechanism [7, 8, 9] , the (classical) torsion H, (4), of (2,0)-supersymmetric sigma models receives corrections proposional to the ChernSimons three-form of the Γ (−) connection. Therefore the new torsion is not a closed three form but rather dH = c trR (−) ∧ R (−) for some constant, c; we have used the same notation for the torsion before and after the redefinition. Therefore, although classically the the target space of (2,0)-supersymmetric sigma models has a strong KT structure, quantum mechanically this changes to a weak KT structure, albeit of a particular type.
⋆ We use superspace form notation where the exterior derivative, d, acts from the right.
A Riemannian manifold, M, with metric g and torsion a three-form, H, has an HKT structure if it admits three (integrable) complex structures {I r ; r = 1, 2, 3.}, that obey the following conditions
where the connections, Γ (±) , are given in (2) . It is evident that if H = 0, then the conditions (5) are those of hyper-Kähler geometry. As in the case of KT structures, we can define a strong HKT structure and a weak HKT structure depending on whether or not the three-form H is closed. Both strong and weak HKT geometries arise in the context of (4,0)-supersymmetric sigma models with torsion. The strong HKT geometry is the geometry of the sigma model manifold in the classical theory, while the weak geometry is the geometry of the sigma model manifold in the quantum theory as explained for the case of the (2,0)-supersymmetric sigma model above. There are many examples of manifolds with strong HKT structures. These include group manifolds [10, 11] with SU(2) × U(1)
as the simplest example. One can construct other four-dimensional examples by starting from hyper-Kähler manifolds with metric g h and then setting g = e F g h and H = * dF . The metric g and torsion H describe a strong HKT structure provided that e F is a harmonic function with respect to the metric g h [12] . Furthermore, the conditions (5) can be solved exactly if one assumes that the four-manifold M admits a triholomorphic Killing vector field which in addition leaves the torsion H invariant [13] . The associated strong HKT geometry is naturally associated with monopoles on the round three-sphere and an example of such geometry is the Taub-NUT geometry with non-zero torsion found in refs. [14, 15] . In the limit that the torsion vanishes, the strong HKT geometry of [13] becomes that the Gibbons-Hawking hyper-Kähler geometry [16, 17] . The Gibbons-Hawking metrics are associated with monopoles on the Euclidean three-space. The conditions (1) and (5) We first consider the exterior differential relations for weak KT manifolds. For this, we use notation similar to that of ref. [18] and introduce the inner derivation, ι I , and the exterior derivation, d I , associated with the complex structure I as follows:
where
is a p-form. Using the first equation in (1), we introduce a two-form ω as follows:
Then the covariant constancy condition in (1) and the fact that H is a (2,1) and (1,2) form with respect to I implies that
The above statement has a converse: if M is a complex manifold with complex structure I and a non-degenerate two-form ω which is hermitian with respect to I, then M admits a weak KT structure with metric, g, given in (8) and torsion, H, given in (9) . To show this, one makes use of the vanishing of the Nijenhuis tensor of the complex structure I. To describe the geometry of manifolds with a strong KT structure in terms of the exterior differential relations one has to impose, in addition, the constraint that H be closed which implies that ω should satisfy:
We remark for use later in the letter that for manifolds with a strong KT structure the metric g and the locally defined two-form b can be expressed in terms of a (real)
one-form potential k, [7] . If we introduce complex co-ordinates {z α ; α = 1, . . . , n} (dimM = 2n) on M with respect to the complex structure I we can write
Next we consider the case of manifolds with a weak HKT structure. We first introduce three inner derivations, ι r , and three exterior derivations, d r , associated with the three complex structures, I r . These derivations together with the exterior derivative d satisfy the differential algebra
To derive the differential algebra (12), we have used the algebraic relations (5) and the integrability properies of the complex structures {I r ; r = 1, 2, 3}. We then introduce the three two-forms, {ω r ; r = 1, 2, 3}, as in (8), one for each of the three complex structures {I r ; r = 1, 2, 3}. Using the covariantly constancy condition in (5) and the integrability conditions of the complex structures, we can show that H is the sum of a three-form of type (2,1) with respect to all complex structures and its complex conjugate which is of type (1, 2) . structures. This fact can be summarised as follows:
Using this equation, the differental algebra (12) and the covariant constancy condition in (5), we can show that
Observe that the diagonal conditions (r = s) in the above equation imply the off-diagonal ones (r = s) and vice versa. This will be used later in the twistor construction for HKT manifolds. For manifolds with a weak HKT structure the above has a converse that can be stated as follows: let M be a manifold with {I r ; r = 1, 2, 3} complex structures that obey the algebra of imaginary unit quaternions and suppose that there exists a non-degenerate two-form ω 3 which is (1,1) with respect to I 3 and which satisfies
then three two-forms, ω r , can be defined which satisfy the relations
and from any one of which one can construct the trihermitian metric g by
M admits a weak HKT structure provided that, in addition, the 3-form H defined by H = d 3 ω 3 is (2,1) plus (1,2) with respect to all complex structures. To describe the differential relations for manifolds with a strong HKT structure, we should also impose the condition:
for the torsion H to be a closed three-form on M. To construct the twistor space of HKT manifolds, we first observe that on any manifold, M, with three complex structures, {I r ; r = 1, 2, 3}, that satisfy the algebra of imaginary unit quaternions, the tensor
is also a complex structure. Thus there is an S 2 's worth of complex structures on M, and the twistor space is simply Z = M × S 2 . If (x, y) ∈ Z where y denotes the usual (affine) complex co-ordinate on S 2 = | CP 1 . Then we have
and so we can define an almost complex structure on Z bŷ
where I 0 is the complex structure on | CP 1 and
In factÎ is a complex structure. To see this let φ be a (1,0) form on M with respect to I 3 , I 3 φ = iφ, thenφ
is (1,0) with respect to I(y) as is not difficult to show. NowÎ is integrable if the exterior derivative (on Z) of any formφ which is (1,0) with respect toÎ is the sum of terms each of which is the wedge product of an arbitrary one-form with a (1,0)
on Z, where each ρ p is (1,0). Clearly dy is (1,0) with respect toÎ and satisfies (24) so we only need to check (24) for (1,0) forms of the type (23) now interpreted as forms on Z. It is not hard to show that
The first term on the RHS of (25) is obviously of the desired form as is the second, due to the fact that H is (2,1) plus (1,2) andφ (1,0) with respect toÎ. Finally, it is easy to check that the third term has no (0,2) part either due to the fact that I is covariantly constant with respect to ∇ (+) . Hence Z is complex.
Having constucted the twistor space Z of a manifold M with an HKT structure, we shall now reverse the procedure and determine the metric and torsion of M from data on the twistor space. As we have shown, Z is a complex manifold and so we 
This form is a section, holomorphic with respect to | CP 1 , of the bundle Λ 2 τ * f (2), where the number 2 denotes the twist of the bundle over | CP 1 and it is related to the fact that ω is quadratic in the y co-ordinate. Note also that there is the real structure, r :
The twistor lines and the form (26) are compactible with the real structure r.
Moreover the real structure r transforms the complex structure I to −I. Now we are ready to state the reconstruction theorem for manifolds with a weak HKT structure. This is as follows: let Z be a complex manifold with complex dimension 2n + 1 and the following properties: 1. Z is holomorphic fibre bundle p :
2. the bundle admits a family of holomorphic sections each with normal bundle
there is a section ω, holomorphic with respect to | CP 1 , of Λ 2 τ * f defining a non-degenerate two-form at each fibre that satisfies
4. Z has a real structure r compactible with the above data and inducing the antipodal map on | CP 1 . Then the parameter space of real sections is a 4n-manifold, M, with a natural weak HKT structure. Many steps in the proof of the above theorem are similar to those of the reconstruction theorem for hyper-Kähler manifolds [5] . The main difference is the condition, (28), that the two-form, ω, satisfies ⋆ . To derive the HKT structure on the space of parameters of the twistor lines from (28), one evaluates (28) at the points {1, −1, i, −i, 0, ∞} of | CP 1 and then observes that the resulting conditions imply the off-diagonal, (r = s), conditions of (14) . The metric, g, on M is defined as in the hyper-Kähler case and the torsion is defined as follows:
Finally, using the equivalence of the diagonal and the off-diagonal conditions of (14) and the relation of the exterior differential relations (14) to the weak HKT ⋆ In the hyper-Kähler case the condition on ω is dω = 0.
structures, one sees that the space of parameters, M, of the real twistor lines has a weak HKT structure. We can also incorporate strong HKT structures. The only difference between the reconstruction theorems for manifolds with weak and strong HKT structures is the condition on the form ω. In the strong case one should require, in addition to (28) , that 
The sigma model superfield is a map from Σ to M which satisfies
as a consequence of which the action
is (4,0)-supersymmetric [3] . The above superspace is not a complex space but it does admit several CR-structures [19, 20] , which can be thought of as partial complex structures. More precisely, a real (super)manifold of dimension 2n + m, where m, n ∈ Z (or Z 2 in the super case), is a CR (super)manifold if the complexified tangent bundle has a complex rank n sub-bundle which is involutive.
In other words, there must be n (local) linearly independent complex vector fields which form a closed system under Lie brackets. There are many odd CR structures on Σ, i.e. CR structures generated by odd vector fields, and they can be understood in terms of complex structures of the odd tangent bundle. In fact, (4,0) superspace has a natural set of three fibre complex structures J r , r = 1, 2, 3, obeying the algebra of the unit imaginary quaternions. With the above covariant derivatives as a basis of odd tangent vectors, the components of the J's can be taken to be
with the remaining components being determined by antisymmetry, since the standard Euclidean metric is trihermitian. The CR derivative associated with any of these complex structures has components given by Clearly, J J := a r J r , where a r a r = 1, is also an odd complex structure, so that there is an S 2 of such CR structures on Σ, and hence we can form the twistor space, Σ = Σ × S 2 , in an analogous fashion to the twistor space associated with M. This is in fact the (4,0) harmonic superspace discussed in from a different perspective in [6] . It is not difficult to show thatΣ is a CR supermanifold with CR structure of rank (1|2); the corresponding CR derivatives are those given above (for the structure J J), together with ∂ ∂ȳ , where y is the standard holomorphic coordinate on S 2 . The twistor space can be considered as a fibre bundle over | CP 1 where the fibre at y is Σ together with the CR-structure determined by J J(y). This space is not trivial as a CR bundle as the (two-dimensional) complex odd part of the fibre has twist 1 with respect to | CP 1 . There are two independent complex components of any CR derivative; using the above prescription for computing them one finds that, for J J, one of them isD
This derivative does not commute with ∂ ∂ȳ , but instead the commutator gives a new odd vector field,D ′ (y), and these three vector fields form a basis of the CR structure. It therefore follows that any function f onΣ which is analytic with respect to | CP 1 and which satisifiesD (y)f = 0
is in fact CR-analytic. These are precisely the type of fields we are interested in because the sigma model constraint can be rewritten as
In complex coordinates Z α with respect to I this is just
Since the coordinates Z α do not depend onȳ, it follows that the sigma model map is a CR-analytic map fromΣ to Z, which is in addition fibre-preserving and which induces the identity on the base space, | CP 1 . Note that the superfields contructed here are short multiplets, in contrast to those of ref. [6] which are not analytic with respect to | CP 1 .
This construction allows us to write a new form of the (4,0) action. In the (2,0) case, one has the same action but with the fields now being (2,0) superfields satisfying the constraint
Switching to complex coordinates, using the above constraint and the expression for the Kahler form in terms of the potential k given in (11) one arrives at the manifestly (2,0) invariant form of the action
where D = D o + iD 1 . We can carry out exactly the same construction in the (4,0) case using the two-form Ω := a r ω r . That is to say, for each point y ∈ | CP 1 , we 
which appears at first sight to depend on y, although it clearly cannot by construction.
